A parameter free investigation of the moments of inertia of ground state rotational bands in well deformed rare-earth nuclei is carried out using Cranked Relativistic Hartree-Bogoliubov (CRHB) and non-relativistic Cranked Hartree-Fock-Bogoliubov (CHFB) theories. In CRHB theory, the relativistic fields are determined by the non-linear Lagrangian with the NL1 force and the pairing interaction by the central part of finite range Gogny D1S force. In CHFB theory, the properties in particle-hole and particle-particle channels are defined solely by Gogny D1S forces. Using an approximate particle number projection before variation by means of the Lipkin Nogami method improves the agreement with the experimental data, especially in CRHB theory. The effect of the particle number projection on the moments of inertia and pairing energies is larger in relativistic than in non-relativistic theory.
I. INTRODUCTION
One of the oldest problems in our understanding of collective motion of nuclei is the moments of inertia of ground state rotational bands in well deformed nuclei. They depend in a very sensitive way on the collective properties such as deformations and on pairing correlations of these many-body systems. Since rotational bands have been detected in nuclei nearly fifty years ago and since the first microscopic calculations of the moments of inertia by Inglis [1] , these quantities have been used as a testing ground for nearly all microscopic theories of collective motion. They describe the response of the strongly interacting nuclear many-body system to an external Coriolis field breaking time reversal symmetry. They are, therefore, in some sense comparable to the static magnetic susceptibility in condensed matter physics.
The earliest microscopic calculations were based on a mean field of a deformed harmonic oscillator [1] [2] [3] . In these calculations, residual interactions were neglected. In this way one founds the values of the moments of inertia identical to those of a rigid body with the same shape, in strong disagreement with the experimentally observed values, which where considerably smaller. It has been pointed out already very early [2, 4] that residual two-body interactions would lower the values of the moment of inertia obtained in the Inglis model.
The most important correlations causing such a reduction are pairing correlations [5] . In fact, Belyaev [6, 7] showed that a simple extension of the Inglis formula in the framework of the BCS theory is able to reduce the theoretical moments of inertia dramatically because of the large energy gap in the spectrum of quasiparticle excitations occurring in the denominator of the Belyaev formula. Therefore, the small moments of inertia of the rotational bands provided one of the most important experimental hints for a superfluid behaviour of these heavy open shell nuclei. Extended calculations using the theory of Belyaev have been carried out by Nilsson and Prior [8] using the BCS model based on the single particle spectrum of the Nilsson potential.
Apart from the fact that the results of these calculations were relatively successful, there are, as we know today, a number of open problems, namely: i) Belyaev's formula is based on generalized mean field theory violating essential symmetries. It was pointed out already by Migdal [9, 10] , that Galileian invariance is broken.
He therefore modified the Belyaev formula by taking into account more complicated correlations to correct the violation of this symmetry. The question of the restoration of the broken Galileian invariance in the particle-hole and particle-particle channels has been later discussed in a number of articles, see for example Refs. [11] [12] [13] and references therein.
ii) Since Belyaev's formula describes only quasiparticles moving independently, higher order correlations have to be taken into account. This has been done by Thouless and Valatin [14] who considered all orders of the interaction in a theory describing the linear response of the system to the external Coriolis field. Marshalek and Weneser [15] showed that the method of Thouless and Valatin preserves all the symmetries violated in the mean field approximation in linear order. In that sense Migdal's formula was just a special case to deal with Galilean invariance. Marshalek showed in a series of papers (see for example
Ref. [16] ) that this is just the linear approximation of a more general theory based on Boson expansion techniques treating the symmetries appropriately in all orders [16] .
iii) Much more elaborated versions of the cranked Nilsson model [17, 18] showed that the l 2 -term in this model, which corrects in an elegant way the fact that realistic potentials for heavy nuclei are much flatter than an oscillator in the nuclear interior, introduces a strong spurious momentum dependence. This leads to the values for the moments of inertia deviating considerably from the experimental values. However, this problem is to large extent cured either by Strutinsky renormalization of the moments of inertia [17] or by an additional term to the cranked Nilsson potential that restores the local Galilean invariance [19, 20] .
Realistic applications of the Thouless-Valatin theory are by no means trivial. They should be based on self-consistent solutions of the mean field equations, because only for those solutions the RPA theory preserves the symmetries [21] . In addition, they require the inversion of the RPA-matrix. Meyer-ter-Vehn et al. [22] have carried out such calculations in a restricted configuration space replacing the self-consistent mean field in an approximate way by the Woods-Saxon potential. As residual interaction they used density dependent 
In this way one avoids the inversion of the full RPA-matrix, as task which is so far technically impossible for realistic forces in a full configuration space. Among these theories the properties of rotating nuclei are described in a way free from adjustable parameters only in the Cranked Relativistic Hartree-Bogoliubov (CRHB) theory [23, 24] and nonrelativistic density-dependent Cranked Hartree-Fock-Bogoliubov (CHFB) theory with finite range Gogny forces [25, 26] . Several realistic investigations of the moments of inertia in normal-and in super-deformed bands have been carried out in the literature in the framework of non-relativistic CHFB theory with Gogny forces [25, [27] [28] [29] [30] . Similar investigations in the relativistic framework have been performed without pairing in the A ∼ 60 [31] , 80 [32] and 140 − 150 [33] [34] [35] regions of superdeformation where the pairing correlations are expected to be considerably quenched at high spin. The recently developed formalism of the CRHB theory has been applied so far only for the description of the moments of inertia in the A ∼ 190 mass region of superdeformation [23, 24] . A very successful description of the moments of inertia has been obtained in the framework of these two theories. The aim of the present investigation is to find the similarities and differences between these two theories using in a systematic way the moments of inertia of rare-earth nuclei as a testing ground.
II. THEORETICAL TOOLS
The CRHB theory [23, 24] is an extension of cranked relativistic mean field theory [36, 33, 34] to the description of pairing correlations in rotating nuclei. It describes the nucleus as a system of Dirac nucleons which interact in a relativistic covariant manner through the exchange of virtual mesons [37] : the isoscalar scalar σ meson, the isoscalar vector ω meson, and the isovector vector ρ meson. The phonon field (A) accounts for the electromagnetic interaction. The CRHB equations for the fermions in the rotating frame are given in one-dimensional cranking approximation by
where h = h D − λ is the Dirac Hamiltonian h D for the nucleon with mass m
minus the chemical potential λ defined from the average particle number constraint
The Dirac Hamiltonian contains a repulsive vector potential V 0 (r), an attractive scalar potential S(r) and the magnetic potential V (r) which leads to non-vanishing currents in the systems with broken time-reversal symmetries [33, 34] . These currents play an extremely important role in the description of the moments of inertia [33, 34] and thus they are taken into account fully self-consistently in the calculations. In Eq. (2), U k and V k are quasiparticle Dirac spinors and E k denotes the quasiparticle energies. Furthermore,Ĵ x and Ω x are the projection of total angular momentum on the rotation axis and the rotational frequency.
The time-independent inhomogeneous Klein-Gordon equations for the mesonic fields are given by
with source terms involving the various nucleonic densities and currents
The sums over k > 0 run over all quasiparticle states corresponding to positive energy singleparticle states (no-sea approximation) and the indexes i could be either n (neutrons) or p The pairing potential ∆ in Eq. (2) is given by
where the indices a, b, . . . contain the space coordinates r as well as the Dirac and isospin indices s and t. It contains the pairing tensor κ
and the matrix elements V 
which is used simultaneously both in pp and ph channels. In Eq. (9), R = (r 1 + r 2 )/2.
The transformation to the rotating frame [30] leads to equations similar to (2, 7, 8) . The only difference is that the Dirac Hamiltonian of Eq. (3) is replaced by the non-relativistic HartreeFock Hamiltonian h ij containing the density-dependent Gogny force and the rearrangement term ∂Γ ij , stemming from the density dependence of the force
In the above expression f ij (r) is the quantity appearing in the second quantization form of the density operator ρ(r) = ij f ij (r)c + i c j . The parameter set D1S [39] has been used in the present calculations. The CHFB-equations are again solved in the basis of an anisotropic three-dimensional harmonic oscillator in Cartesian coordinates with the oscillator length b 0 = 1.98 fm and the deformation of basis β 0 = 0.3. Only single-particle states satisfying the conditionh ω x n x +hω y n y +hω z n z ≤ N maxh ω 0 with N max = 11.1 (11) have been included in the basis. The HFB equation has been solved with the Conjugated Gradient Method [40] .
We also consider in this investigation the fluctuations in the pairing field by using the technique of an approximate particle number projection before the variation introduced by
Lipkin and Nogami (further APNP(LN)) and discussed in detail in non-relativistic case in
Refs. [42, 41, 30] . In the relativistic case, the same approximate particle number projection is used but only the pp-part of the interaction is taken into account for the Lipkin-Nogami procedure, see Ref. [24] for details.
III. RESULTS AND DISCUSSION
In order to see the dependence of the results on proton and neutron numbers several nuclei in the Gd, Dy, Er and Yb isotope chains, the ground state rotational bands of which are close to rotational limit (E(4 + )/E(2 + ) ≈ 3.3), have been selected for the present study.
The results of relativistic and non-relativistic calculations with and without APNP(LN) are presented in Tables 1-3 
are shown in Table 1 and Fig. 1 . The general feature is that the charge quadrupole moments Q obtained in relativistic calculations are larger than the ones of the non-relativistic calculations. In the non-relativistic case, the Q values calculated with APNP(LN) are slightly smaller than the ones obtained without APNP(LN) because of the larger pairing correlations (see Table 2 ), which in general favours more spherical configurations. This trend also per- leads to larger charge quadrupole moments as compared with unprojected calculations. As shown in Fig. 1 , the non-relativistic results are somewhat closer to the experiment than the relativistic ones. However, considering that the experimental values of Q are subject of considerable experimental errors [43] , one can conclude that both theories describe experimental charge quadrupole moments reasonable well which allows us to proceed further with the study of more sensitive quantities such as moments of inertia.
In Hartree-(Fock)-Bogoliubov calculations the size of the pairing correlations is usually measured in terms of the pairing energy defined as
This is not an experimentally accessible quantity, but it is a measure for the size of the pairing correlations in the theoretical calculations. These quantities are shown in Table 2 Neutron pairing energies behave in a similar way but there the difference between relativistic and non-relativistic calculations is smaller: the average increase of neutron pairing energies due to APNP(LN) is 1.81 in the relativistic and 1.73 in the non-relativistic calculations.
In some cases, as for example in the Gd isotopes, the increase of neutron pairing energies due to APNP(LN) is larger in non-relativistic calculations. This increase of pairing energies due to APNP(LN) will lead to an increase of the pairing gaps, as it is well known from many phenomenological calculations using the monopole pairing force [44, 45] . We also see Calculated moments of inertia are given in Table 3 and Fig. 1 . Comparing the results of calculations without APNP(LN), it is clear that the moments of inertia are systematically larger in the relativistic case. Although one cannot completely exclude that this feature is to some extent connected with a different angular momentum content of single-particle orbitals in relativistic and non-relativistic calculations, a detailed analysis of pairing energies and moments of inertia suggests that this fact can be explained in a more realistic way by the different effective masses of the two theories: m * /m ∼ 0.6 in RMF theory and ∼ 0.7 in the non-relativistic theory. Thus the corresponding level density in the vicinity of the Fermi level is smaller in the relativistic theory which in general leads to weaker pairing correlations (see Table 2 calculations with APNP(LN) and experiment is similar in both theories, however, some discrepancies still remain.
IV. CONCLUSIONS
In conclusion, the moments of inertia, charge quadrupole moments and pairing energies of well-deformed nuclei in the rare-earth region have been investigated within relativistic and non-relativistic mean field theories with and without approximate particle number projection by means of the Lipkin-Nogami method. With no adjustable parameters it was possible to obtain good description of experimental data. It was found that the particle number projection plays a more important role in the relativistic calculations most likely reflecting the lower effective mass. In addition, it has larger impact on the moments of inertia and the pairing energies as compared with the charge quadrupole moments. Remaining deviations from experimental data could be related either to the parametrization of the mean field or to the interaction in the pairing channel or to the approximate character of the particle 
